On a universal best choice algorithm
for partially ordered sets

Nicholas Georgiou, Malgorzata Kuchta,
Michal Morayne, and Jarostaw Niemiec

Abstract

For the only known universal best choice algorithm for partially or-
dered sets with known cardinality and unknown order (proposed by J.
Preater) we improve the estimation of the lower bound of its chance of
success from the hitherto known constant 1/8 to 1/4. We also show that
this result is the best possible for this algorithm, i.e., the 1/4 bound cannot
be further improved.

1. Introduction. We consider the following selection process. A selec-
tor knows the cardinality |X| = n of some set X which is equipped with
a partial order <. The selector examines the elements of X one by one:
m(1),7(2),...,m(n), where (7(1),7(2),...,7(n)) is any of all equiprobable per-
mutations of X. The permutation 7 is unknown to the selector. Object 7 (t)
appears at time ¢ € {1,2,...,n}. The selector can compare all the objects that
have been examined so far. Thus at the time ¢ the selector knows only the
relation {(4,7) : 4,5 <t, w(i) < 7w(j)}. The selector’s aim is to stop the process
at some moment ¢t = 7(7) in such a way that the currently examined element
7(t) = m(7(7)) be maximal with respect to <. Thus the decision is an on-line
one, i.e., the elements examined at times ¢ < ¢ are not available any more and
the knowledge of the selector at the moment of the choice is only that about
the present object and the previous ones. Such a random variable 7 is called a
stopping time.

If < is linear and |X| = n is known to the selector, the above on-line se-
lection problem is called the “secretary problem” due to the interpretation of
elements of X as candidates for a job of a secretary, examined one by one by
an administrator who is to choose on-line the candidate that would be the best
of all. For the solution 7* : m — 7*(7) € {1,...,n} of this linear problem,
maximizing Pr[7(7) = max X] over all stopping times 7, consult [3]. This prob-
ability tends to % as n — 00. The reader can consult the comprehensive article
[1] for information on the linear case.
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Examining models where the selector chooses from a partially ordered set
has good justification as far as possible applications are concerned. Namely, in
real life, frequently the selection is made from elements that are not linearly
ordered. The optimal stopping time 7* was given in the case where < is known
to the selector as the order of the complete binary tree of fixed depth k (see
[4]). In this case the probability Pr[r(7*) = max X] tends to 1 as k — oo. In
[2] the reader can find a comprehensive account of several articles concerning
threshold type strategies when the elements do not form a linear order. For the
best choice from partially ordered objects see also [7].

Here we are concerned with a surprising result of a new nature that was
obtained by J. Preater [5,6] ([6] is a shorter published version of the preprint
[5]). In the general partial order case, where |X| = n is known and < is not
known to the selector, a universal randomized stopping time was defined ensur-
ing the selector’s success with uniformly positive probability (i.e., always not
smaller than some positive § > 0), namely at least é. Actually, two algorithms
were mentioned in [5]: Policy A in [5,6] and Policy B in [5], the latter one
stronger than the former one and being, actually, its obvious modification; but
the estimation from below of the probability of the best choice for both of them
remained %. Here (Theorem 3.1, below) we show that Preater’s Policy B gives
(always) the probability of success not smaller than %. We also show that this
estimation for this algorithm cannot be improved (Theorem 3.2).

Policy B is carried out in three steps:

1. Flip a symmetric coin n times. If it comes down tails M times, examine
the first M objects of a random permutation of X. They form a set Y. State the
height of the set Y, i.e., the maximum length of a chain consisting of elements
of Y; denote it by h(Y).

2. Flip a symmetric coin once. If it comes down heads, tag all the objects
from Y whose induced height is equal to h(Y); if it comes down tails, tag all
the objects from Y whose induced height is greater than or equal to h(Y) — 1.

3. Examine further the remaining elements of X. Pick the first object that

dominates any of the tagged ones and is maximal up to now. If such an object
does not appear, pick the final one.
(For example, compare Fig. 1-4; here n = 15, (1), ..., 7(15) is the permutation
of X that the selector deals with, the order of X is depicted in Fig. 1; here we
assume M = 6, therefore Y = {n(1),...,7(6)}, and, at time ¢ = 6, the selector
can see Y with the order inherited from X, it appears in Fig. 2; if the coin
comes down tails the selector tags the elements that are in squares in Fig. 3,
namely 7(2), m(3) and 7(6); if the coin comes down heads the selector tags the
elements that are in squares in Fig. 4, namely 7(2) and 7(6).)

The first step of the algorithm, which involves flipping the coin n = |X|
times, is to ensure that each particular element of X belongs to Y with prob-
ability 1/2 independently of the membership in Y of the other elements. The
second step of the algorithm, which involves flipping the coin once, is typical for
randomized algorithms and makes a random choice between cases, allowing for
situations where some (but not all) of the cases are unlikely to lead to success.
The way elements are tagged ensures that in sufficiently many situations the



elements above the tagged ones are guaranteed to be maximal.

Fig. 2
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2. Notation and Formal Model. All partial orders considered in this
paper are assumed to be strict.

For any set X, let P(X) = {V : V C X}, and let |X| denote the number
of elements of X. For a partially ordered set (X, <) and an element z € X,
let Lx,<)(z) denote the set of all predecessors of x, i.e., Lx,<)(z) = {z € X :
z < w}. Let Uix <)(z) denote the set of all successors of z, i.e., Ux <)(x) =
{z€ X 2 < z}. If (X, <) is clear from the context we shall simply write L(x),
U(z), respectively.



Let S;(X) denote the set of all maximal elements of X. Let S3(X) denote
the set of elements of X \ S;(X) with successors only in S1(X). Let S3 =
X\ (S1(X) U S2(X)). For Y C X, let MaxY denote the set of all maximal
elements of Y with respect to the restricted partial order < NY?2. In the special
case of Y = X, of course, Max X = S1(X). Fory € Y C X, let hy(y) denote
the maximum length of a chain consisting of elements of Y with greatest element
equal to y. This number is called the height of y in Y. Let h(Y) = max {hy (y) :
y € Y}. This number is called the height of Y. Let

YVi={yeY:hy(y) = hY)—i}
Let us also introduce the following notion. For T' C X, we define T as
Tt={zeX\T: 3veT)(v<z)and (Vwe T)(x A w)},

the idea being that, if T' is the set of objects tagged at stage 2 of Policy B, then
at stage 3 the policy will pick an object in 7% (unless T is empty, in which
case the final object is picked).

Let us also introduce the following class P of ranked partially ordered sets
of height 2. Namely:

P ={(P,<): h(P)=2and (Vo € MaxP)(hp(z) = 2)}.

Let us fix the notation of some important partial orders (P, <) in P. In
the definitions below, we assume that all elements listed as members of P are
pairwise different.

We say that (P, <) is of type N (Fig. 5), if

P = {Il,IQ,Zl,ZQ}

and
=< ={(z1,21), (22, 71), (22, 72) }.
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Fig. 5

We say that (P, <) is of type V®) (Fig. 6), k > 1, if
P = {Z,l’l,...,fﬂk}

and
<={(z,m1),..., (2, 21)}.
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We say that (P, <) is of type Ay (Fig. 7), k > 1, if
P={z,z1,...,2}

and
< ={(21,2),..., (21, 2)}.
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We say that (P, <) is of type I, if (P, <) is of type V(1) (or, equivalently, of
type A()).

V@ and Az will be simply denoted by V and A, respectively.

For partially ordered sets (P, <), (P, <"), (P"”,<") we define the direct sum

of these orders
(P,‘<):(P/7'</)@(PN7'<N>7

asP=P UP'and <=<'U<"if P’ N P" =0.
We say that (P, <) is of type, for instance,

Nol

if (P, <) = (P',<")®(P",<"), for some (P’, <) of type N and (P", <") of type
I. The definition extends naturally to other types, and to direct sums with a
greater number of terms.

We say that a partially ordered set (P, <) contains, for instance, N, if there
exists @Q C P, such that, for some <’ C < N Q?, the partially ordered set (Q, <')
is of type N. Again, the definition extends naturally to other types.

Let n be fixed, and let (X, <) be a fixed partially ordered set with |X| = n.
Let us construct a formal probability theory model rich enough to satisfy all our
postulates. Let us consider three probability spaces (2;,G;, Pr;),i = 1,2,3. Let
Q1 be the set of all permutations of X, let G; = P(), and let Pry({n}) = 2,
for each m € Q. The only requirement we impose on (2;,G;, Pr;),i = 2,3, is
the existence of random variables M : Q5 — {0,...,n} of binomial distribution
Bin(n,3) and Z : Q3 — {0, 1} of binomial distribution Bin(1, ).



Now let Q=01 x Qo xQ3, F=G1 ®c(M)®0(Z), Pr = Pr; ® Pry ® Prs.
For (m,w,&) € Q, let M(m,w,€) = M(w) and Z(m,w,€) = Z(£). Obviously,
M, Z and the o-algebra G; @ {0, Q2} @ {#,Q3} are independent (of course, our
model is finite and it is enough to talk about algebras of sets).

For k <n, let

¢™ = o{R.:RC{1,... k}*},

where
Ry ={reQ:{G,5) €{1,....k}? :n(i) < n(4)} = R}.

and let F, = 6¥) @ o(M) ® (Z).

With the model defined above and the notation introduced we can now
formally define Policy B, for short 7™ : Q — {1,...,n}. For w = (m,w,&) € Q,
let Y = {n(1),...,7(M(w))} (note that the permutation 7 of the set X is also
random, i.e., it is a function of w). If Z(w) =1, let T = Y;. If Z(w) = 0, let
T =Y. Now, let

70V (w) = min{i > M(w) : (3y € T)(y < 7(§)) and (Vj < d)(w(i) £ 7(j))},

and 7" (w) = n if no such i > M (w) exists.

Because the equality 7(") = k depends only on Z, M and the sequence
7(1),...,m(k), we have [7(™) = k] € F}, which means that 7("™ is a stopping
time with respect to the filtration (Fi)r<n. We omit the formal proof here.

Also note that, since T is an up-set (i.e., z € T and z < y impliesy € T™T),
the above definition of 7(")(w) implies that if T+ # ), then «(r(™ (w)) € T+.
Therefore the conditions 7T # () and T+ C S;(X) guarantee the selector’s
success. It is these conditions that we will show hold sufficiently often in order
to prove Theorem 3.1.

3. Main Result. The main result of this paper is the following theorem.

Theorem 3.1. For every partially ordered set (X, <), where | X| =n,

Pr[r(7™) is maximal in X] >

N

We shall prove first that, for 7(™) as a universal algorithm for all partially
ordered sets, the lower bound of 1/4 for Pr[r(™) € MaxX] cannot be improved.

Theorem 3.2. There exists a sequence of partially ordered sets (X, <) of
cardinality | X,| = 2n + 1 such that limsup,,_,  Pr[r("t1) ¢ MaxX,] < 1/4.

Proof. Let X,, = {z,z1,...,2n,w1,...,wn}. Let z; < x and w; < z; for
all 4,7 < m, and assume also that there is no relation between z; and z; and
between w; and w; whenever i # j (see Fig. 8).



The probability that there is at least one element in {z1,...,2,}NY and in
{w1,...,w,} NY clearly tends to one with n tending to infinity.

If we are to tag elements from Y; (Z = 1), then, unless € Y, where we have
no chance to make the right choice anyway, each element from {z1,...,2,}\'Y
will be taken if it appears at the selector. The probability that there are more
than (some fixed) m elements in {z1, ..., 2, }\Y also tends to one with n tending
to infinity, regardless of how big m is. This implies that with probability tending
to one we shall choose one of the elements from {z1,...,2,} \ Y rather than z.
Therefore we shall make a bad choice. The remaining case, where we are to tag
elements from Yj, happens with probability equal to 1/2. The chance that x is
not in Y is 1/2, too. As these events are independent and in the former case, as
we argued above, the probability of the right choice tends to zero with n tending
to infinity, the chance for making the right choice from X,, asymptotically does
not exceed 1/4. This completes the proof of Theorem 3.2. O

Recall that P is the class of ranked partially ordered sets of height 2, as
defined in Section 2. In the proof of Theorem 3.1 that follows, we will consider
a particular partially ordered set (P, <) € P. We will need the following series
of combinatorial lemmas, which give lower bounds on the sizes of some families
of subsets of P for all (P, <) € P.

For (P, <) € P, we define four families of sets:

Ap<)={VCP:Buv,z,z€ P)(u<vandz <zrandu,z,z € Vandv ¢ V)},
Bip<y={VCP:VNSy(P)#0and (Vz,z€ P)(z < z = [{z,z} N V[<1)
and (Vz,z € P)(z <zandz ¢ Vo ¢ V = (32’ € V)(z < 2))},
Cip<)={VCP:VNSy(P)#0and (Vz,z € P)(z < =z = [{z,2} N V| < 1)},
Dip<y={VCP:(3z,z€P)(z<wvandzecVanda ¢ V)}



Let us notice that D(p ) = A(p,<) UCp<) and ANB =0, ANC = 0.

Lemma 3.1. If (P,<) € P does not contain N, I&o V, 1o A, IeIal,
then (P, <) is of type T® T, V(K o Ay

Proof. Assume that P does not contain N, I V., I A, 111

If |S1(P)| = 1, then (P, <) is of type A.

If |So(P)| = 1, then (P, <) is of type V(*),

Assume now that |S1(P)| > 2, |S2(P)| > 2. If all elements of S;(P) domi-
nated only one element of S3(P) we would have |S3(P)| = 1. Thus there must
exist 1,z of S1(P) and two different elements 21, zo of S3(P) such that z; <
and 29 < xo. If &1 # 2o, then P contains I @ I. If x1 = x5, by the assumption
that |S1(P)| > 2 we infer that there exists x € S1(P) \ {z1}. Then there exists
z3 € S2(P) such that z3 < x. Of course, z3 # 21 or z3 # 2o and we again
conclude that P contains I & I. Thus we can assume that P contains I & I,
i.e., there exist «/,2” € S1(P) and 2/,z"” € Sy(P) such that 2’ < ', 2" < a”,
' # 2" and 2/ # 2. Assume now that [S1(P)| > 2. Let z € S1(P) \ {«/,2"}.
Let z € S3(P) and z < z. If z € {#/,2"} then (P,<) contains I & V, and
if z ¢ {2',2"} then (P, <) contains I ® I ® I. Both situations contradict our
hypothesis. Hence |S;(P)| = 2. By symmetry, also |Se(P)| = 2. Thus at this
moment we know that (P, <) contains I ® I and |S;(P)| = |S2(P)| = 2. Thus
(P, <) must be of type I &I, for otherwise it would contain N. This completes
the proof. (I

Lemma 3.2. If (P,<) € P contains (P',<’) € P, then

‘D(P,<)| > |D(P’,</)| . 2\P|—|p/‘.

Proof. Let us note that if V'€ Dp/ 4y and W C P\ P', then VUW €
D(p,<)- As there are 271717l subsets W of P\ P’ the proof is complete. (]

Lemma 3.3. If (P, <) € P contains one of the following orders N, I@& 'V,
IeA II®I, then
|D(P,<)| 1
P =3

Proof. It is easy to compute that if an order (P’,<’) is of type N, then
|D(pr <n| =8, if (P, <) is of type I®V or of type I® A, then [D(p/ 21| = 17,
and if (P’, <') is of type I& I @ I then |D(ps 4| = 37. Thus in all these cases

|D(P',<')| 1
P Sy
and the conclusion follows by the previous lemma. [J

Lemma 3.4. If (P, <) is of type V¥) or of type Ayy, then

2|P| 2"

Be| +1Pe<l 1



Proof. The proof is a matter of a very simple counting. O

Lemma 3.5. If (P, <) is of type I® 1, then

Beol + Pl _ 5
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Proof. The proof is again a matter of a very simple counting. [

In Lemmas 3.6-3.8 below we shall deal with a partially ordered set (X, <)
and any set Y C X. For two such sets we define the following set

P={zeS(X): (32 € Llx)N So(X))(h(L(z) NY) = h(Y N S5(X))}

U{z € So(X) : h(L(z) NY) = h(Y N S3(X))}

(In our earlier example, with X as in Fig. 1, and Y = {x(1),...,7(6)}, we get
P = {r(2),7(6),m(7),7(9),7(10)}). It is easy to see that (P,<nN P?) € P,
unless X is an antichain.

We shall use the following notation:

Sl(P) = {xla"wxm}

and, for i < m,
L(z;) N P= {z§l)7 e
where the elements zii), .. .,zz(,i) are pairwise different. Finally, let L = Y N
S3(X). Note that, by definition, h(L) < h(Y) < h(L) + 2; the exact value of
h(Y) depends on the structure of Y.
The following lemmas provide sufficient conditions for the selector’s success
in terms of the families of sets defined earlier.

Lemma 3.6. Assume |S1(P)| > 1. If PNY € A(p < p2), then for T =Y,
we have Tt C S1(X) and T™ # 0.

Proof. Firstly, if |S1(P)| = 1, then A(p 4 p2y = () and the statement is
trivially true, so we can assume that |S1(P)| > 2.
If PNY € Ap<np2) then we have z; € Y,z]@ €Yz, ¢ Y,zl(k) €Y for

some i,k <m, j < p;, and [ < pi (with the possibility that z](.i) = zl(k)). By the

definition of P, we have hy (2\") = hy (z{")) = h(L) + 1, hy(z;) = h(L) + 2.
Therefore h(Y) = h(L) + 2 and z; € Yy, zj(i),zl(k) €Y, =T. So z € T", which
shows that T # 0.

Now, if a € TT and a ¢ S1(X), then there exists b € T = Y] with b < a.
Therefore b € S3(X), so b € L. But hy(b) = hy(z§i)) > h(L). This is a
contradiction. O

z(i)}7

7 7pi



Lemma 3.7. Assume |S1(P)| > 1. If PNY € Bp < p2), then Y& # 0.
Moreover, for T =Y, we have TT C S1(X) and T+ # 0.

Proof. If PNY € B(p <n p2), then we have z](»i) €Y and x; ¢ Y, for some

1 <m,j < p;. We claim that zj(i) € Y. If this is not the case, then there exists

a € Y such that hy (a) > hy(Z](-i)). Take b € Y with b < a and hy (b) = hy(ZJ(-i)).
We have .
hy (b) = hy (27) = (L) + 1.

Thus b ¢ L, whence b € So(X). But then a € S1(X) and, because h(L(b)NY) =
h(L), we have b € S3(P) and a € S1(P). But then a,b € PNY and b < «q,
which contradicts the hypothesis that PNY € B(p < p2). Thus zj(»i) € Yy and
z; € Yy", whence Y;" # 0. Thus also T+ # 0 as Y, C T+,

We still have to show 7T C S;(X). Let b € T and b < a. If a ¢ S1(X),
then there exists a’ € S2(X) such that @ < @’ or a = a/. Then b € L, so

hy(b) < h(L). But be T =Yy, and 2\ € ¥; so

hy (b) > hy (287) =1 = h(L(2{") N Y) = h(S5(X) N Y) = h(L).

Therefore hy (b) = h(L), which implies that a’ € P. Now, if «’ € Y, then
a €Yy CT,whencea ¢ TT. If a’ ¢ Y, then,as PNY € B(p,<n p2), we have
a' < x, for some x € Y. Thus x € Yy C T, so again a ¢ TT. This completes the
proof. [

Lemma 3.8. Assume |S1(P)| > 1. If PNY € C(p,<np2), then for T =Yy,
we have Tt C S1(X) and T+ # 0.

Proof. If PNY € Cp<np2), then we have z](-i) €Y and z; ¢ Y for
some i < m,j < p;. As in the previous proof, we must have zj(-i) eYy=1T,
or else there exist a,b € PNY with b < a, contradicting the hypothesis that
PNY €Cp<np2). Therefore z; € T* which shows that T # ().

Now, if a € TT and a ¢ S;(X), then there exists b € T = Y, with b < a.
Therefore b € S3(X) whence also b € L, but hy (b) = hy(z]@) > h(L). This is a
contradiction. [

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let Y be the following random subset of X:
Y ={r(1),...,7(M)}.

For the sets X and Y we apply the definition of the set P.
If |S1(P)| = 0, then S5(X) = (. Note that in this case 7(") = n and in the
last step we pick an element from S;(X) = X, thus our choice is right.
Otherwise, P is some random non-empty subset of S;(X) U S2(X). Let us
condition on the event P = {uy,...,u;}. We will show that conditioned on this
event the probability of the selector’s success is at least 1/4, with the inequality
holding for all subsets {u,...,u;} of S1(X)US3(X). This is sufficient to prove

10



the result. Let a basic event be an event given by a fixed membership in Y of
the elements u;, i <1, i.e., E is a basic event if F is of the form:

E=ueVY,i<l],

where €() is either € or ¢, i < 1. Note that there are 2/”'| basic events and the
basic events are equiprobable. To see the latter, note that for fixed X, the set P
depends only on the random set Y N S3(X), so conditioning on P = {uq,...,u}
does not affect the distribution of Y'N(.S1(X)US2(X)); specifically, Pr{u; € Y] =
1/2, for all i <[, independently. Note also that for £ C P(P) the probability
Pr[P NY € &] is equal to the number of basic events [u; € Y,i < 1] such that
{u; : € = €,i <1} € £ (which is, of course, |£|) divided by the number of all
basic events (which is 2/71).

For simplicity, we shall write (P, <) to mean (P, <N P?). If (P, <) contains
one of the following orders: N, I®@ V, I® A or I® I @I, then by Lemma 3.3

we have D |
Pl o1
2|P| = 2

If (P, <) does not contain any of the above orders, then by Lemma 3.1, (P, <)
is of type I& I, V®) or A(x). In this case, by Lemmas 3.4 and 3.5 we have

Bip<)l + Dyl 1
217 -2

Let us now estimate the probability of the selector’s success. Let Z = 1.
By Lemma 3.6, if the policy 7(") is followed, the event [P N'Y € Ap,<)]
guarantees the selector’s success. By Lemma 3.7, if the policy 7(™ is followed,
the event [P NY € B(p 4] guarantees the selector’s success. Now let Z = 0. By
Lemma 3.8, if the policy 7(") is followed, the event [P N'Y € C(p,~)] guarantees
the selector’s success.

Therefore we get

Pr[r™ € Max X] > Pr[Z =1]-Pr([P N Y € Ap]U[P NY € Bp o))
+ PI‘[Z = 0] -PI‘[P nNY e C(p)<)]
=Pr[Z=1]-(Pr[PNY € Apy] +Pr[PNY € Bp))
+Pr[Z=0]-Pr[PNYE€ C(p7<)]
_ 1 |~A(P <)| + |B(P< | 1 . ‘C(P,<)|
21P| 21PI

11
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